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Distinguished principal series representations




For K/F a quadrati extension of p-adi elds, let σ be the onjugation relative to this extension,
and ηK/F be the harater of F
∗
with kernel norms of K∗.
If π is a smooth irreduible representation of GL(n,K), and χ a harater of F ∗, the dimension of
the spae of linear forms on its spae, whih transform by χ under GL(n, F ) (with respet to the
ation [(L, g) 7→ L ◦ π(g)]) , is known to be at most one (Proposition 11, [F℄). One says that π is
χ-distinguished if this dimension is one, and says that π is distinguished if it is 1-distinguished.
In this artile, we give a desription of distinguished prinipal series representations of GL(n,K).
The result (Theorem 3.2) is that the the irreduible distinguished representations of the prinipal
series of GL(n,K) are (up to isomorphism) those unitarily indued from a harater χ = (χ1, ..., χn)
of the maximal torus of diagonal matries, suh that there exists r ≤ n/2, for whih χσi+1 = χi
−1
for i = 1, 3, .., 2r−1, and χi|F∗ = 1 for i > 2r. For the quadrati extension C/R, it is known (f.[P℄)
that the analogous result is true for tempered representations.
For n ≥ 3, this gives a ounter-example (Corollary 3.1) to a onjeture of Jaquet (Conjeture 1 in
[A℄). This onjeture states that an irreduible representation π of GL(n,K) with entral harater
trivial on F ∗ is isomorphi to πˇσ if and only if it is distinguished or ηK/F -distinguished (where
ηK/F is the harater of order 2 of F
∗
, attahed by loal lass eld theory to the extension K/F ).
For disrete series representations, the onjeture is veried, it was proved in [K℄.
Unitary irreduible distinguished prinipal series representations of GL(2,K) were desribed in [H℄,
and the general ase of distinguished irreduible prinipal series representations of GL(2,K) was
treated in [F-H℄. We use this oasion to give a dierent proof of the result for GL(2,K) than the
one in [F-H℄. To do this, in Theorems 4.1 and 4.2, we extend a riterion of Hakim (th.4.1, [H℄)
haraterising smooth unitary irreduible distinguished representations of GL(2,K) in terms of γ
fators at 1/2, to all smooth irreduible distinguished representations of GL(2,K).
2 Preliminaries
Let φ be a group automorphism, and x an element of the group, we sometimes note xφ instead of
φ(x), and x−φ the inverse of xφ. If φ = x 7→ h−1xh for h in the group, then xh designs xφ.
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Let G be a loally ompat totally disonneted group, H a losed subgroup of G.
We note ∆G the module of G, given by the relation dG(gx) = ∆G(g)dG(x), for a right Haar measure
dG on G.
Let X be a loally losed subspae of G, with H.X ⊂ X . If V is a omplex vetor spae, we note
D(X,V ) the spae of smooth V -valued funtions on X with ompat support (if V = C, we simply
note it D(X)).
Let ρ be a a smooth representation of H in a omplex vetor spae Vρ, we note D(H\X, ρ, Vρ)
the spae of smooth Vρ-valued funtions f on X , with ompat support modulo H , whih verify
f(hx) = ρ(h)f(x) for h ∈ H and x ∈ X (if ρ is a harater, we note it D(H\X, ρ)).
We note indGH(ρ) the representation by right translations of G in
D(H\G, (∆G/∆H)
1/2ρ, Vρ).
Let F be a non arhimedean loal eld of harateristi zero, and K a quadrati extension of
F . We have K = F (δ) with δ2 in F ∗.
We note | |K and | |F the modules of K and F respetively.
We note σ the non trivial element of the Galois group G(K/F ) of K over F , and we use the same
letter to design for its ation on Mn(K).
We note NK/F the norm of the extension K/F and we note ηK/F the nontrivial harater of F
∗
whih is trivial on NK/F (K
∗).
Whenever G is an algebrai group dened over F , we note G(K) itsK-points and G(F ) its F -points.
The group GL(n) will be noted Gn, its standard Borel subgroup will be noted Bn, its unipotent
radial Un, and the standard maximal split torus of diagonal matries Tn.
We note S the spae of matries M in Gn(K) satisfying MM
σ = 1.
Everything in this paragraph is more or less ontained in [F1℄, we give detailed proofs here for
onveniene of the reader.
Proposition 2.1. ([S℄, h.10, prop.3)
We have a homeomorphism between Gn(K)/Gn(F ) and S given by the map Sn : g 7→ g
σg−1.
Proposition 2.2. For its natural ation on S, eah orbit of Bn(K) ontains one and only one
element of Sn of order 2 or 1.
Proof. We begin with the following:
Lemma 2.1. Let w be an element of Sn ⊂ Gn(K) of order at most 2.
Let θ′ be the involution of Tn(K) given by t 7→ w
−1tσw, then any t ∈ Tn(K) with tθ
′(t) = 1 is
of the form a/θ′(a) for some a ∈ Tn(K).
Proof of Lemma 2.1. There exists r ≤ n/2 suh that up to onjugay, w is
(1, 2)(3, 4)...(2r − 1, 2r).
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, hene for i ≤ r, we have ziσ(z
′
i) = 1,
and zjσ(zj) = 1 for j ≥ 2r + 1.






















Lemma 2.2. Let N be an algebrai onneted unipotent group over K. Let θ be an involutive
automorphism of N(K). If x ∈ N(K), veries xθ(x) = 1N then, there is a ∈ N suh that
x = θ(a−1)a.
Proof of Lemma 2.2: The group N(K) has a omposition series 1N = N0 ⊂ N1 ⊂ ...Nn−1 ⊂ Nn =
N(K), suh that eah quotient Ni+1/Ni is isomorphi to (K,+), and eah ommutator subgroup
[N,Ni+1] is a subgroup of Ni.
Now we prove the Lemma by indution on n:
If n = 1, then N(K) is isomorphi to (K,+), one onludes taking a = x/2.
n 7→ n+ 1 :
suppose the Lemma is true for every N(K) of length n.
Let N(K) be of length n+ 1, we note x¯ the lass of x in N(K)/N1.
By indution hypothesis, one gets that there exists an element in h ∈ N1, and an element u in
N(K) suh that x = θ(u−1)uh.
Here h lies in the enter of N(K), beause [N(K), N1] = 1N .
As xθ(x) = 1, we get hθ(h) = 1. By indution hypothesis again, we get h = θ(b−1)b for b ∈ N1.
We then take a = ub.
We get bak to the proof of the Proposition 2.2.
For w in Sn, one notes Uw the subgroup of Un generated by the elementary subgroups Uα, with
α positive, and wα negative, and Uw
′
the subgroup of Un generated by the elementary subgroups
Uα, with α positive, and wα positive. Then Un = Uw
′Uw.
Let s be in S. Aording to Bruhat's deomposition, there is w in Sn, and a in Tn(K), n1 in Un(K)
and n2
+
in Uw, suh that s = n1awn2
+
, with uniity of the deomposition.
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Thus we have aw = (aw)−σ , i.e. w2 = 1 and aw = a−σ.
Now we write n1
−σ = u−u+ with u− ∈ Uw
′
and u+ ∈ Uw, omparing s and s
−σ




Hene s = n1awu
−−1n1
−σ
, thus we suppose s = awn, with n in U ′w.
From s = s−σ, one has the relation awn(aw)−1 = n−σ, applying σ on eah side, this beomes
(aw)−1nσaw = n−1.
But θ : u 7→ (aw)−1uσaw is an involutive automorphism of U ′w, hene from Lemma 2.2, there is u
′
in U ′w suh that n = θ(u
−1)u.
This gives s = u−σawu, so that we suppose s = aw. Again waσw = a−1, and applying Lemma 2.1
to θ′ : x 7→ wxσw, we dedue that a is of the form yθ′(y−1), and s = ywy−σ.

























∈G2(F )|x, y ∈ F
}
.














Corollary 2.1. The elements Uwr for 0 ≤ r ≤ n/2, and w ∈ Sn give a omplete set of representa-




BnwBn be the Bruhat deomposition of Gn. We all a double-lass BwB a
Bruhat ell.
Lemma 2.3. One an order the Bruhat ells C1, C2,..., Cn! so that for every 1 ≤ i ≤ n!, the ell
Ci is losed in Gn −
∐i−1
k=1 Ci.
Proof. Choose C1 = Bn. It is losed in Gn. Now let w2 be an element of Sn − Id, with minimal
length. Then from 8.5.5. of [Sp℄, one has that the Bruhat ell Bw2B is losed in Gn − Bn with
respet to the Zariski topology, hene for the p-adi topology, we all it C2. We onlude by
repeating this proess.




Proof. From the proof of Proposition 2.2, we know that if C is a Bruhat ell of Gn, then Sn∩C is ei-
ther empty, or it orresponds through the homemorphism Sn to a lass A of Bn(K)\Gn(K)/Gn(F ).
The onlusion follows the preeeding Lemma.
Corollary 2.3. Eah Ai is loally losed in Gn(K) for the Zariski topology.
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We will also need the following Lemma:
Lemma 2.4. Let G, H,X, and (ρ, Vρ) be as in the beginning of the setion, the map Φ from




Proof. Let v ∈ Vρ, U an open subset of G that intersets X , small enough for h 7→ ρ(h)v to be
trivial on H ∩ UU−1.
Let f ′ be the funtion with support in H(X ∩ U) dened by hx 7→ ρ(h)v.
Suh funtions generate D(H\X, ρ, Vρ) as a vetor spae.
Now let f be the funtion of D(X,Vρ) dened by x 7→ 1U∩X(x)v, then Φ(f) is a multiple of f
′
.
But for x in U ∩X , Φ(f)(x) =
∫
H ρ(h
−1)f(hx)dh beause h 7→ ρ(h)v is trivial on H ∩ UU−1, plus
h 7→ f(hx) is a positive funtion that multiplies v, and f(x) = V , so F (f)(x) is v multiplied by a
stritly positive salar.
Corollary 2.4. Let Y be a losed subset of X, H-stable, then the restrition map from D(H\X, ρ, Vρ)
to D(H\Y, ρ, Vρ) is surjetive.
Proof. This is a onsequene of the known surjetivity of the restrition map from D(X) to D(Y ),
whih implies the surjetivity of the restrition from D(X,Vρ) to D(Y, Vρ) and of the ommutativity
of the diagram:
D(X) → D(Y )
↓ Φ ↓ Φ
D(H\X, ρ) → D(H\Y, ρ)
.
3 Distinguished prinipal series
If π is a smooth representation of Gn(K) of spae Vpi, and χ is a harater of F
∗
, we say that π is
χ-distinguished if there exists on Vpi a nonzero linear form L suh that L(π(g)v) = χ(det(g))L(v)
whenever g is in Gn(F ) and v belongs to Vpi . If χ is trivial, we simply say that π is distinguished.
We rst reall the following:
Theorem 3.1. ([F℄, Proposition 12)
Let π be a smooth irreduible distinguished representation of Gn(K), then π
σ ≃ πˇ.
Let χ1, ..., χn be n haraters of K
∗
, with none of their quotients equal to | |K . We note χ the










We note π(χ) the representation ofGn(K) by right translation on the spae of funtionsD(Bn(K)\Gn(K),∆Bn
−1/2χ).
This representation is smooth, irreduible and alled the prinipal series attahed to χ.
If π is a smooth representation of Gn(K), we note pˇi its smooth ontragredient.
We will need the following Lemma:
Lemma 3.1. (Proposition 26 in [F1℄) Let m¯ = (m1, . . . ,ml) be a partition of a positive integer m,
let Pm¯ be the orresponding standard paraboli subgroup, and for eah 1 ≤ i ≤ l, let πi be a smooth
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(π1 ⊗ · · · ⊗ πl)) is
distinguished.
We now ome to the prinipal results:
Proposition 3.1. Let χ = (χ1, . . . , χn) be a harater of Tn(K), suppose that the prinipal series
representation π(χ) is distinguished, there exists a re-ordering of the χi's, and r ≤ n/2, suh that
χσi+1 = χi
−1
for i = 1, 3, .., 2r− 1, and that χi|F∗ = 1 for i > 2r.
Proof. We write B = Bn(K), G = Gn(K). We have from Corollary 2.2 and 2.4 the following exat
sequene of smooth Gn(F )-modules:
D(B\G−A1,∆
−1/2





Hene there is a non zero distinguished linear form either on D(B\A1,∆
−1/2




In the seond ase we have the exat sequene
D(B\G−A1 ⊔A2,∆
−1/2









From Corollary 2.1, we hoose w in Sn and r ≤ n/2 suh that Ai = BU
w
r Gn(F ). The applia-





r ∩Gn(F )\Gn(F ),∆






r ) and χ
′(x) = χ(Uwr xU
−w
r ).
Now there exists a nonzero Gn(F )-invariant linear form on
D(U−wr BU
w
r ∩ Gn(F )\Gn(F ),∆
′χ′) if and only if ∆′χ′ is equal to the inverse of the module
of U−wr BU
w




























with 2r + t = n, zi ∈ K
∗
, xi ∈ F
∗
, then one has T¯r
w
⊂ B ∩ Uwr Gn(F )U
−w




We remark that if χ is unitary, then χ is trivial on T¯r
w
, and π(χ) is of the desired form.
For the general ase, we dedue from Theorem 3.1, that there exists three integers p ≥ 0, q ≥ 0, s ≥ 0
suh that up to reordering, we have χ2i = χ
−σ
2i−1 for 1 ≤ i ≤ p, we have χ2p+k|F∗ = 1 for 1 ≤ k ≤ q
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and these χ2p+k's are dierent (so that χ2p+k 6= χ
−σ
2p+k′ for k 6= k
′
), and χ2p+q+j |F∗ = ηK/F for
1 ≤ j ≤ s, these χ2p+q+j 's being dierent.
We note µk = χ2p+k for q ≥ k ≥ 1, and ν
′
k = χ2p+q+k′ for s ≥ k
′ ≥ 1.
We show that if suh a harater χ is positive on a onjugate of T¯r by an element of Sn, then s = 0.
Supose ν1 appears, then either ν1 is positive on F
∗
, but that is not possible, or it is oupled with
another χi, and (ν1, χi) is positive on elements (z, z
σ), for z in K∗.
Suppose χi = νj for some j 6= 1, then (ν1, χi) is unitary, so it must be trivial on ouples (z, z
σ),
whih implies ν1 = νj
−σ = νj , whih is absurd.
The harater χi annot be of the form µj , beause it would imply ν1|F∗ = 1.
The last ase is i ≤ 2p, then ν1
−σ = ν1 must be the unitary part of χi beause of the positivity of




also appears and is not trivial on F ∗, hene must be oupled with another harater χj
with j ≤ 2p and j 6= i, suh that (χi
−σ, χj) is positive on the elements (z, z
σ), for z in K∗, whih
implies that χj has unitary part ν1
−σ = ν1. The harater χj annot be a µk beause of its unitary
part.
If it is a χk with k ≤ 2p, we onsider again χk
−σ
.
But repeating the proess lengthily enough, we an suppose that χj is of the form νk, for k 6= 1.
Taking unitary parts, we see that νk = ν1
−σ = ν1, whih is in ontradition with the fat that all
νi's are dierent. We onlude that s = 0.
Theorem 3.2. Let χ = (χ1, . . . , χn) be a harater of Tn(K), the prinipal series representation
π(χ) is distinguished if and only if there exists r ≤ n/2, suh that χσi+1 = χi
−1
for i = 1, 3, .., 2r−1,
and that χi|F∗ = 1 for i > 2r.
Proof. There is one impliation left.
Suppose χ is of the desired form, then π(χ) is parabolially (unitarily) indued from representations
of the type π(χi, χi
−σ) of G2(K), and distinguished haraters of K
∗
.
Hene, beause of Lemma 3.1 the Theorem will be proved if we know that the representations
π(χi, χi
−σ) are distinguished, but this is Corollary 4.1 of the next paragraph.
This gives a ounter-example to a onjeture of Jaquet (onjeture 1 in [A℄), asserting that if
an irreduible admissible representation π of Gn(K) veries that πˇ is isomorphi to π
σ
, then it is
distinguished if n is odd, and it is distinguished or ηK/F -distinguished if n is even.
Corollary 3.1. For n ≥ 3, there exist smooth irreduible representations π of Gn(K), with entral
harater trivial on F ∗, that are neither distinguished, nor
ηK/F -distinguished, but verify that πˇ is isomorphi to π
σ
.
Proof. Take χ1, . . . , χn, all dierent, suh that χ1|F∗ = χ2|F∗ = ηK/F , and χj |F∗ = 1 for 3 ≤ j ≤ n.
Beause eah χi has trivial restrition to NK/F (K
∗), it is equal to χ−σi , hene πˇ is isomorphi to π
σ
.
Another onsequene is that if k and l are two dierent integers between 1 and n, then χk 6= χ
−σ
l ,
beause we supposed the χi's all dierent.
Then it follows from Theorem 3.2 that π = π(χ1, . . . , χn) is neither distinguished, nor ηK/F -
distinguished, but learly, the entral harater of π is trivial on F ∗ and πˇ is isomorphi to πσ.
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4 Distintion and gamma fators for GL(2)
As said in the introdution, in this setion we generalize to smooth innite dimensional irreduible
representations of G2(K) a riterion of Hakim (f. [H℄, Theorem 4.1) haraterising smooth unitary
irreduible distinguished representations of G2(K). In proof of Theorem 4.1 of [H℄, Hakim deals
with unitary representations so that the integrals of Kirillov funtions on F ∗ with respet to a Haar
measure of F ∗ onverge. We skip the onvergene problems using Proposition 2.9 of hapter 1 of
[J-L℄.












Let π be a smooth innite dimensional irreduible representation of G2(K), it is known that it is
generi (f.[Z℄ for example). Let K(π, ψ) be its Kirillov model orresponding to ψ ([J-L℄, th. 2.13),
it ontains the subspae D(K∗) of funtions with ompat support on the group K∗. If φ belongs





φ belongs to D(K∗) ([J-L℄, prop.2.9, h.1),
from this follows that K(π, ψ) = D(K∗) + π(w)D(K∗).
We now reall a onsequene of the funtional equation at 1/2 for Kirillov representations (f.
[B℄, setion 4.7).









where d∗x is a Haar measure on K∗, and cpi is the entral harater of π.
Theorem 4.1. Let π be a smooth irreduible representation of G2(K) of innite dimension with
entral harater trivial on F ∗, and ψ a nontrivial harater of K trivial on F . If γ(π ⊗ χ, ψ) = 1
for every harater χ of K∗ trivial on F ∗, then π is distinguished.
Proof. In fat, using a Fourier inversion in funtional equation 1 and the hange of variable x 7→ x−1,















Now we dene on K(π, ψ) a linear form λ by:










for φ1 and φ2 in D(K
∗), whih is well dened beause of the previous equality and the fat that
K(π, ψ) = D(K∗) + π(w)D(K∗).
It is lear that λ is w-invariant. As the entral harater of π is trivial on F ∗, λ is also F ∗-
invariant. Beause GL2(F ) is generated by M(F ), its enter, and w, it remains to show that λ is
M(F )-invariant.
Sine ψ is trivial on F , one has if φ ∈ D(K∗) and m ∈M(F ) the equality λ(π(m)φ) = λ(φ) .
Now if φ = π(w)φ2 ∈ π(w)D(K





































Eventually λ is M(F )-invariant, hene G2(F )-invariant, it is lear that its restrition to D(K
∗)
is non zero.
Corollary 4.1. Let µ be a harater of K∗, then π(µ, µ−σ) is distinguished.
Proof. indeed, rst we notie that the entral harater µµ−σ of π(µ, µ−σ) is trivial on F ∗.
Now let χ be a harater ofK∗/F ∗, then γ(π(µ, µ−σ)⊗χ, ψ) = γ(µχ, ψ)γ(µ−σχ, ψ) = γ(µχ, ψ)γ(µ−1χσ, ψσ),
and as ψ|F = 1 and χ|F∗ = 1, one has ψ
σ = ψ−1 and χσ = χ−1, so that γ(π(χ, χ−σ), ψ) =
γ(µχ, ψ)γ(µ−1χ−1, ψ−1) = 1. The onlusion falls from Proposition 4.1.
Assuming Theorem 1.2 of [A-G℄, the onverse of Theorem 4.1 is also true:
Theorem 4.2. Let π be a smooth irreduible representation of innite dimension of G2(K) with
entral harater trivial on F ∗ and ψ a non trivial harater of K/F , it is distinguished if and only
if γ(π ⊗ χ, ψ) = 1 for every harater χ of K∗ trivial on F ∗.
Proof. It sues to show that if π is a smooth irreduible distinguished representation of innite
dimension of G2(K), and ψ a non trivial harater of K/F , then γ(π, ψ) = 1. Suppose λ is a non
zero G2(F )-invariant linear form on K(π, ψ), it is shown in the proof of the orollary of Proposition
3.3 in [H℄, that its restrition to D(F ∗) must be a multiple of the Haar measure on F ∗. Hene for

































































This implies that either γ(π, ψ) is equal to one, or
∫
K∗ φ(x)d
∗x is equal to zero on D(K∗) ∩
π(w)D(K∗). In the seond ase, we ould dene two independant K∗-invariant linear forms on
K(π, ψ) = D(K∗) + π(w)D(K∗), given by φ1 + π(w)φ2 7→
∫
K∗ φ1(x)d
∗x, and φ1 + π(w)φ2 7→∫
K∗
φ2(x)d
∗x. This would ontradit Theorem 1.2 of [A-G℄.
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